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We investigate theoretically the dynamics of vortices and antivortices in a hybrid superconductor magnetic-
dot-array bilayer with the nanodots polarized in plane. Our model naturally accounts for creation and annihi-
lation of vortex-antivortex �v-av� pairs and simulate their motion by a �Langevin� molecular-dynamics algo-
rithm. We observed several phenomena resulting from the intricate vortex-antivortex dynamics in this system.
In general, as a dc-transport current is applied, the steady state corresponds to a cyclic sequence of vortex-
antivortex creation, motion and annihilation processes, giving rise to periodic fluctuations of the number of
v-av pairs and the induced electric field. Surprisingly, the v-av motion does not follow, in general, the induced
Lorentz force direction. Hence, a vortex-guidance effect and the resulting transverse electrical field were
observed at zero external magnetic field when the current was applied near certain high-symmetry directions.
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I. INTRODUCTION

Technological applications of superconductors are
strongly influenced by magnetic-flux quanta �vortices�
present in all type-II superconducting materials. The current-
carrying capabilities of superconductors are determined by
the ability of certain inhomogeneities inside the material to
pin vortices down, preventing their dissipative motion. In
superconducting films, nanoengineered arrays of pinning
centers, such as antidots,1 blindholes,2,3 magnetic,4–9 and
nonmagnetic dots,5,10 have been demonstrated to provide
very efficient mesoscopic trapping of vortices. As a result,
the maximum current supported by such nanostructured films
can be orders of magnitude higher than those measured in
the corresponding pristine film.

Among the variety of artificial pinning centers, magnetic
dots arise as a specially interesting option in part because of
the tunability of their magnetic moments and, consequently,
of their flux-pinning properties. Indeed, as it has been experi-
mentally demonstrated, nanomagnets can trap vortices, either
by local reduction of the critical temperature via the proxim-
ity effect4,5 or by their magnetic flux when the dots are
polarized.7,8,11 In the last case, the material is sensible to the
specific polarization of the external magnetic field. There-
fore, although ferromagnets usually inflicts a destructive ef-
fect on superconductors, conveniently nanostructured com-
positions such as those mentioned above are able to enhance
the critical properties of superconducting films in a very con-
trollable way.

Another interesting feature of these systems is that, for
strong enough magnetic moments, magnetic dots have the
unique ability of inducing spontaneous vortex-antivortex �v-
av� pairs in the superconductor and keep them from annihi-
lating each other even when thermal fluctuations are
negligible.12,13 This topic has attracted a great deal of atten-
tion lately. Several calculations using the Ginzburg-Landau
approach have been carried out for arrays of polarized mag-
netic dots on top of a superconducting film predicting a great
variety of equilibrium phases, including vortex-antivortex
ionic molecules and composite vortex-antivortex
lattices.14–17

The formation and implications of vortex-antivortex mat-
ter in hybrid superconductor-ferromagnet systems is cur-
rently a matter of intense debate. A few experimental works
have provided indirect and even direct demonstrations of the
formation of spontaneous v-av patterns and their implica-
tions. Transport measurements on superconducting films in
the presence of off-plane magnetic-dot arrays have suggested
that the enhancement of superconductivity by a finite exter-
nal magnetic field, the so-called field-induced superconduc-
tivity effect, stems from the annihilation of spontaneous an-
tivortices �formed in the interstitial positions� with vortices
added in by the external field.18,19 Measurements on super-
conducting films with arrays of in-plane magnetized mi-
crobars demonstrated a unique vortex-ratchet effect at zero
applied magnetic field presumably resulting from the asym-
metric motion of spontaneous vortices and antivortices.20

More recently, scanning Hall-probe microscopy of supercon-
ducting films with arrays of magnetic dots of different sizes
has provided a direct corroboration of some equilibrium
vortex-antivortex patterns predicted theoretically.21

Despite the intense research on this subject, little is
known about the actual microscopic dynamics of vortices
and antivortices and how it gives rise to the great variety of
transport phenomena macroscopically observed in experi-
ments. Here we address this point by performing numerical
simulations of vortices and antivortices in a hybrid supercon-
ductor magnetic-dot-array bilayer. Our calculations reveal
the intricate dynamics of spontaneous vortex-antivortex pairs
when a transport current is applied onto the bilayer at zero
magnetic field and how it affects the bilayer electrical re-
sponse. We also demonstrate a unique transverse voltage ef-
fect at zero magnetic field caused by average guided motion
of vortices and antivortices.

II. MODEL AND SIMULATION DETAILS

The details of our model is as follows. The bilayer com-
prises a thin superconducting film of thickness d, penetration
depth ��d, and coherence length ��d. A square array of
magnetic dipoles, with magnetic moment m and unit cell of
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dimensions ap�ap �Fig. 1�, is placed above the film, at a
distance z0�d /2 from it. Experimentally, the space between
the superconducting film and the dipole layer is usually filled
with an insulating buffer layer to prevent proximity effects.
Here we assume that the dipoles are polarized in plane, par-
allel to the x direction �m=mx̂�. The total energy of the
vortex matter is given by

E = �
i,j

qiqj�1

2
Uvv�rij� + Ec�i,j� + �

j

qjUvm�r j� , �1�

where q is the vorticity �q=1 for vortices, q=−1 for antivor-
tices�. Here we assume that no external magnetic field is
applied. In other words, the vortex-matter “neutrality” con-
dition, � jqj =0, must be satisfied. Uvm�r� is the usual inter-
action energy between a vortex located at r and the dipole
array calculated in the London limit.22 The interaction energy
Uvv�rij� between an arbitrary pair of vortices at positions ri
and r j is calculated following Clem’s variational approach
for the order parameter �rij =ri−r j�.23 In the limit ��d con-
sidered here, this gives Uvv�r�=�0d ln��rij�2+2�c

2�, where
�0=	0

2 /4
�0�2 and �c is a variational parameter �in general,
�c���T�	. The vortex-core energy can be calculated straight-
forwardly by using Clem’s trial order parameter to compute
the gain in condensation energy due to an isolated vortex,
which results in Ec=0.375�0. −Ec acts as a chemical poten-
tial of the vortex system and thus plays an important role in
the nucleation of vortex-antivortex pairs.24

Our numerical algorithm is based on the assumption that
the time evolution of the vortex matter can be broken into
two distinct parts: motion of the vortices and antivortices,
and creation of v-av pairs. The first is governed by the
Langevin equation

�
dr j�t�

dt
= − � jE + F j + � j , �2�

where �=�0	0Hc2 /n is the Bardeen-Stephen friction coef-
ficient �with Hc2=	0 /2
�2 and n the normal-state resis-
tance�, j runs over all vortices and antivortices present at
time t, F j =qj	0J� ẑ is the driving force, and � j is the ran-
dom force appropriate to temperature T. J is the applied
current density which makes an angle � with the positive y
axis, as shown in Fig. 1�b�. These equations are solved nu-
merically by a finite difference method. Eventually, a vortex
and an antivortex collide and annihilate each other. This is
taken into account by assuming that such a collision occurs
every time the vortex and the antivortex are separated by a
distance ��c.

The procedure for the second part, v-av pair creation, is to
freeze the vortex-matter configuration after every Langevin
dynamics time step and create v-av pairs using a Monte
Carlo procedure. This assumes that the actual nucleation pro-
cess takes place in a time interval so short that the motion of
the vortex matter during it can be neglected.16 Trial v-av
pairs are then placed at every point of an auxiliary grid, with
unit cell of dimensions ac�ac �ac
�c�, commensurate with
the dipole array. The vortex and antivortex are placed at a
distance �c from each other at a given axis, with the pair
center of mass fixed at the grid point. At high T, this axis is
chosen randomly, whereas at low T it is determined by the
direction of the total current density calculated at the grid
point �at that instant of time� as to favor pair unbinding.
Then, a Metropolis code is used to either accept or reject the
pair. The energy entering this algorithm includes the energy
due to the interaction with the transport current, that is
ET=E−� jF j ·r j. Such a procedure accounts for both deter-
ministic �induced by the local-current distribution� and ther-
mal pair nucleation.25

III. EQUILIBRIUM CONFIGURATIONS

The simulations are carried out on a L�L section of the
bilayer, with L=8ap, and assuming periodic boundary condi-
tions in both x and y directions. The time step used in the
numerical integration is dt=2�10−4t0 �t0=�ap

2 /d�0	and we
chose z0=0.2ap. Equilibrium configurations of the vortex
matter for small T and J=0, were obtained minimizing E
�Eq. �1�� by means of a simulated annealing scheme. Figure
2 shows the equilibrium states of the superconducting film
obtained by this method. The bottom panel presents the num-
ber of vortex-antivortex pairs per dipole �npair� as a function

FIG. 1. �Color online� �a� Schematic view of the in-plane dipole
array. �b� Definition of the transport current J and driving force F
orientations.

FIG. 2. �Color online� �Top� Vortex�black�-antivortex�red� con-
figurations for �a� m=1.0	0z0 �npair=1�, �b� m=1.65	0z0

�npair=2� and �c� m=2.25	0z0 �npair=3�. �Bottom� Number of v-av
pairs per dipole, npair, versus magnetic moment of the dipoles, m,
for different values of �c.
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of the magnetic moment of the dipoles for several values of
�c. These curves are characterized by plateaus at integer npair.
Examples of stable vortex-antivortex configurations for
�c=7�10−2ap are depicted in the upper panels. Notice that
by increasing �c �for instance, by increasing the temperature�
the magnetic moment necessary for the creation of a new
v-av pair per dipole decreases. This is consistent with the
fact that the force necessary to separate a v-av pair decreases
with �c. Therefore, for lower �c values, a strong magnetic
moment is necessary to hold the pair from annihilating each
other. A similar temperature dependence of the critical mag-
netic moment has also been observed in numerical calcula-
tion for magnetic-dot arrays in the off-plane geometry.15,16

IV. VORTICES AND ANTIVORTICES ON THE
MOVE

Now we discuss the response of the vortex matter to an
applied current flow. For simplicity, we shall consider here-
after only the cases where each dipole stabilizes one v-av
pair in equilibrium, by assuming �c=7�10−2ap and m
=1.0	0z0. Figure 3�a� presents the x and y components of the
mean electric field induced by vortex motion, expressed by
the time average of E=	0�qiṙi� ẑ, as a function of the cur-
rent density J �in units of the depairing current Jd� for dif-
ferent orientations of J. Averages were taken over 15�106

time steps after a relaxation waiting time of 5�106 time
steps.

The Ex�J� and Ey�J� curves in Fig. 3�a� evidence a strong
dependence of the v-av dynamics on the current orientation
�. This anisotropy becomes clearer when one plots the criti-
cal current Jc as a function of �. Vortices are depinned more
easily when J is at an angle �=180°. At this direction,
J=−Jŷ induces a Lorentz force on the vortices �antivortices�

parallel to −x̂ �+x̂� in such a way as to separate the v-av
pairs. Such separation is favored by the supercurrent gener-
ated right below each dipole, which is also parallel to −ŷ and
is responsible for the stabilization of the v-av pairs. At �
=90°, on the other hand, the applied current has to overcome
alone the v-av mutual attraction, with no help from the
dipole-induced supercurrent. For ��90°, the component Jy
inverts sign and tends to bind the v-av pair. At �=75°, Jx is
still strong enough to unbind the pairs. At lower �, however,
all v-av pairs annihilate each other and the current necessary
to create new pairs and establish a dynamical state of moving
v-av matter is close to Jd. At such current range, our model is
no longer valid and therefore Jc could not be estimated for
��75°. Figure 3�b� presents the mean v-av pair density
�npair� as a function of J. Interestingly, for all angles studied
the onset of v-av matter motion is accompanied by an in-
crease in �npair� with respect to the static �equilibrium� value
�npair�=1.

Here we analyze in more detail the dynamics of vortices
and antivortices in the film and how it affects the macro-
scopic electrical response and the mean pair density. We
shall restrict ourselves to four directions, �=180°, �=150°,
�=120°, and �=90°. Figure 4 presents the time evolution of
the number of v-av pairs per dipole and the x and y compo-
nents of the mean electric field for fixed J values. For
J�Jc���, we observed steady states of the moving v-av mat-
ter characterized by an oscillatory time dependence of Ex and
Ey, even though the applied current is constant. For �=90°,

FIG. 3. �Color online� Time averages of the x and y components
of the electric field �top� and of the v-av pair density �Bottom� as
functions of the current density applied at different orientations �
�measured with respect to the y axis�. Inset: angular dependence of
the critical current, Jc���.

FIG. 4. �Color online� Time series of the electric field Ex, Ey,
and v-av pair density npair for �a� �=90°, �b� 120°, �c� 150°, and �d�
180°, and fixed current intensity J=1.3Jc���.
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npair�t� rapidly reaches 1.5 and keeps essentially constant at
this value. The corresponding steady state is illustrated in
Fig. 5�a�, where we present contour plots of the time-
averaged vortex-antivortex density, defined as �r�
= ��iqi��r−ri�t�	�t. The average is taken at a fixed J over NS
time steps. The trajectories of vortices �antivortices� are
given by the light �dark� color shades. As it is clear, vortices
and antivortices follow distinct tracks, perpendicular to the
applied current, and collide very rarely.

For ��90°, the dynamical steady states are much richer.
Not only E�t� but also npair�t� is oscillatory, indicating a
cyclic series of creation and annihilation of v-av pairs. The
general picture is as follows: when a current J�Jc��� is
applied, the vortices and antivortices stabilized by the di-
poles in the equilibrium �J=0� state, which we shall refer to
as first-generation vortices, depin and move apart from each
other, leaving space for the creation of new �second-
generation� v-av pairs right below the dipoles. At this point,
npair�t� reaches twice its original value �npair�t�=2	. These
new pairs, give an additional push to the preexistent ones,

inducing a sudden increase in �E�. All first-generation vorti-
ces and antivortices run toward annihilation, which will take
place at the midpoint between first-neighbor dipoles, for
135° ���180°, or at the face center of the dipole array unit
cells, for 105° ���135°, as revealed by the �r� plots pre-
sented in Fig. 5�a�. Just before annihilation, however, new
v-av pairs spawn at the above mentioned positions and sub-
sequently annihilate the first-generation vortices and antivor-
tices. We believe these extra �third-generation� pairs, which
have a very short lifetime, arise from the fact that our model
assumes a rigid vortex core. At distances of order �, the v-av
annihilation in superconductors is characterized by strong
vortex-core deformation. In our model, the extra v-av pairs
appear naturally as a way of compensating the vortex-core
rigidity and accelerate the annihilation process. As a side
effect, a spurious, high-frequency noise arises in Ex�t� and
Ey�t�. Nevertheless, we have checked that such noise has
only a negligible influence on the macroscopic quantities
shown in Fig. 3. Finally, after the annihilation event, the
second-generation v-av pairs become first-generation ones
and the whole process repeats. Notice that the lifetime, tL, of
a vortex of the first or second generation is always larger
than the oscillation period P �see Fig. 4�.

The angular dependence of the v-av dynamics described
above suggests that motion occurs preferentially along the x
directions for � close to 180°. Such guided motion of the
v-av matter should be reflected by the electric field E gener-
ated by vortex motion, giving rise to a deflection of E with
respect to J and thus inducing transverse resistance. To dem-
onstrate this statement, we plot the direction of E, �, as a
function of the direction of J, �, for several values of J �left
panel of Fig. 5�. Indeed, ���� diverges considerably from the
�=� line. For � close to 180°, � tends to lock at �
180° in
the whole J range, whereas for �=75°, E locks at �=90°.
The transverse resistance resulting from the guided motion
of v-av matter observed here is essentially different from that
observed in superconducting films with nonmagnetic pinning
arrays26,27 and other Hall-type effects in the sense that here
no macroscopic magnetic field is required.

V. CONCLUSIONS

In summary we have investigated by numerical simula-
tions the dynamics of vortices and antivortices in supercon-
ducting films interacting with an array of in-plane magnetic
dots. We developed a method for molecular-dynamics simu-
lation of vortices and antivortices which accounts for their
creation and mutual annihilation. Our calculations on the dy-
namics of current-driven vortices and antivortices revealed a
periodic sequence of creation and annihilation of vortex-
antivortex pairs. These events take place synchronously
nearby every magnetic dot, giving rise to a sharp oscillatory
behavior of the pair density and, consequently, of the electric
field. Such ac response induced by a dc current can be cross-
checked by time-resolved transport experiments. In addition,
owing to the presence of vortices and antivortices at H=0
and their interaction with the dipole array, the critical current
�Jc� at this field value is strongly anisotropic. Another impor-
tant prediction of our model is the observation of a trans-

(a)

(b)

FIG. 5. �Color online� �a� Time-averaged vortex density for
J=0.5Jd and different current orientations �. Light �dark� shades
correspond to vortices �antivortices�. The circles indicate creation
�� � and annihilation �†� of v-av pairs. �b� Electric field direction �
as a function of � for several driving-current intensities �symbols�.
The �=� line is shown for comparison. The cartoons illustrate the
dominating v-av motion for ��180° and ��90°.
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verse electric field induced by vortex-antivortex guidance.
This is a unique Hall-type effect observed at zero (macro-
scopic) magnetic field. It is worth noticing that recently simi-
lar anisotropy in Jc as well as guided vortex motion has been
observed experimentally in superconducting films interacting
with different magnetic textures for the case of nonzero mag-
netic fields, as a result of the inherently anisotropic proper-
ties of the magnetic pinning potential.9,28 The anisotropy and
guidance observed in our calculations, on the other hand,
occur at zero field and is only possible if the specific mag-
netic texture is capable of inducing spontaneous v-av pairs.

In this sense, these phenomena, when observed at zero mag-
netic field, can be considered as fingerprints of spontaneous
vortex-antivortex matter in superconductor-ferromagnetic
hybrids.
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